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Abstract. Waveguide arrays offer enormous potential to design circuit elements essential to fabricate
optical devices capable to processing information codified by light. In this work we study the existence and
stability of localized beams in one dimensional photonic lattices composed by a Kerr type waveguide array.
We analyzed the case where discrete translation symmetry is broken in as much as one of the waveguides
lacks a nonlinear response. Specifically, we determined the space of parameters where a coherent and
robust mobility across the lattice is achieved. Moreover, we calculate the reflection and transmission
coefficients when localized beams interact directly with the impurity, finding that it behaves as a variable
filter depending of system parameters. Our results would shed light on develop solutions to keep unaltered
information during its transmission within future optical devices.
1. Introduction
Localized modes have been studied extensively since middle of last century [1]. Many physical systems
exhibit different phenomena which lead to formation of this kind of excitation. For example, the first
system where light localization was predicted and observed was in optical fibers [2]. Here, light pulses
were able to travel long distances without distortion, due to a balance between nonlinear response of
material and chromatic dispersion of light [3] . This kind of pulse received the name of optical soliton
and since then they have been widely used in telecommunications [4].
Optical periodic systems have attracted enormous attention during last three decades because they
bear enormous potential in technological applications. Their underlying characteristics offer the
possibility of manage the light behaviour either over long distances or short ones. For example, at big
scale photonic crystal fibers, optical fibers with a micro structured cross sections [5, 6], can be employed
in fiber-optics communications [7], but also they can be used as sensors with high resolution [8]. They
also offer the possibility to manage light propagation in short scale. Logical operations similar to those
involved with electron currents can be mimic in a completely optical “microprocessor” or photonic chip.
It can be plausible due to the refractive index in theses systems possesses a periodical distribution,
hence, there are forbidden regions for light propagation [9]. Experimentally, photonic lattices has
been implemented by creating waveguide arrays in several media. For example, by using a femto-
second pulsed laser on an amorphous (non-crystalline) phase silicon glass, it can be possible to “write”
waveguides by modifying the nominal refractive index around the area where it is has been focused [10].
Photo-refractive crystals are systems where these waveguide arrays also can be written by and induction
process, due to its refractive index changes by the light intensity variation, i.e., by a non-linear response
of the electric field [11]. On the other hand, research on coherent transfer of light stays as a hot topic
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over the years due to its direct implications in design technological devices for controlled transport of
information.
A change in the periodic distribution of the refractive index, by introducing an impurity into the
lattice, results in the scattering of transverse traveling waves. For example, when the impurity comes
from localized solutions, the scattering of plane waves by them has opened the possibility to observe
Fano resonances [12]. In a nonlinear optical context, it has been observed that scattering of solitons in
waveguide arrays moving towards impurity potentials, has a complex phenomenology [13]. Moreover,
by adjusting the strength of linear impurities a completely trapping regime can be tailored [14]. In the
present study we address the case of nonlinear photonic lattices with an embedded linear impurity, which
eventually improves the manipulation of light beam across the lattice. We hope that our results may be
interesting in the design of optical limiters, barriers and gates for future photonic chips.
The paper is organized as follows: in Section 2, we introduce the model and develop the main
formalism employed to identify nonlinear stationary solutions, as well as, a favorable domain in terms
of system parameters to achieve coherent and robust mobility. In Section 3, we report findings on the
existence and stability of localized stationary solutions around the lattice impurity. Section 4 is devoted
to estimate the optimal domain for coherent and robust mobility of nonlinear modes. The analysis on
scattering problem between nonlinear modes and lattice impurity is presented in Section 5. Finally, in
Section 6, we summarize and draw our main conclusions.
2. Model
The Discrete Nonlinear Schro¨dinger Equation (DNLSE) represents one of the most important models in
nonlinear physics. For example, in classical mechanics, this equation describes a particular model for a
system of coupled anharmonic oscillators [15]. On the other hand, this model predict the existence of
localized modes of excitation of Bose–Einstein condensates in periodic potentials such as those generated
by counter-propagating laser beams in an optical lattice [16]. In nonlinear optics, this equation combines
phenomena related to the dispersion and/or diffraction of electromagnetic waves with those generated by
higher order electric polarization in periodical media [17].
When impurities are introduce to the system the translational symmetry becomes broken, which leads
to the formation of localized modes around the defects [18]. For the case when the effect of impurity is
the lack of nonlinear response in a specific waveguide, we can model the propagation, along the zˆ-axis,
of the corresponding electric field amplitude present in the n-th guide, En(z), as a variant of a more
general DNLSE
i
dEn
dz
+ ζn+1En+1 + ζn−1En−1 + γ(1− δn,ni)|En|2En = 0, (1)
where i =
√−1 and δn,ni is the Kronecker symbol. The nonlinear response of the media is represented
by the parameter γ, which is proportional to the nonlinear refraction index of the medium. Here we
assume that ζn, the coupling between waveguides, is the same for each n, i. e., ζn = ζ. The Equation (1)
has two conserved quantities, the generating function that corresponds to the Hamiltonian (H)
H = −
N∑
n=1
(
ζEn(z)E
∗
n+1(z) + c.c. +
γ
2
(1− δn,ni)|En(z)|4
)
, (2)
where the symbol ∗ and c.c. denote the complex conjugate, and the norm or optical power (P ) in the
system
P =
N∑
n=1
|En(z)|2. (3)
It is worth to mention here that these two conserved quantities will be monitored during all the
calculations along this work, because they will serve to check the validity of our numerical findings.
3. Families of nonlinear modes
We look for stationary solutions of Equation (1) in the form En = φn exp (iλz), where the amplitudes
φn are real quantities that satisfy the following system of nonlinear algebraic equations
− λφn + ζ(φn+1 + φn−1) + γ(1− δn,ni)φ3n = 0, (4)
being λ the propagation constant of the stationary solutions. According on the sign of γ the nonlinear
effect of the system can be of the self-focusing type (γ > 0) or self-defocusing type (γ < 0). Throughout
the rest of the paper, we assume to deal with self-focusing type media.
We solve the model (4) by implementing a Newton-Raphson scheme. We start from a localized seed
around the impurity and in a few number of iterations the algorithm converges to localized stationary
solutions. We check the stability of localized solutions by performing the standard linear stability
analysis. From now on we use solid (dashed) lines to denote families with stable (unstable) solutions.
It is interesting to study the consequences that the value of the nonlinear constant of the impurity of the
lattice entails, specifically, the type of solutions that exist around the defect and its mobility around it.
Recently, it has been found that modes centered at site are the only stable family of solutions that exist
around the impurity [19], however, we found that the stability region of these modes depends on the
value of the nonlinearity of impurity.
Figure 1(a) shows the families of solution in the space of (P ,λ) for the even and odd modes far from
the defect. Families for odd modes around the defect for ten values of γi between 0 and 0.90 is displayed
at Figure 1(b). It can be seem here that when nonlinearity for defect diminish there is a reduction in the
region of existence and stability of this solutions. The inset in Figure 1(a) sketches the odd (c) and even
(d) modes belonging to the families represented by solid and dashed curves, respectively. On the other
hand, bottom inset at Figure 1(b) displays three modes around the impurity that belongs to the odd (e),
even (f) and symmetrical (g) families of solution, when γ = 0, for three different values of λ. Last two
families are not illustrated in this work but they have been reported recently in reference [19].
Figure 1. (a) P vs λ diagram for odd and even families of solutions far away from the impurity. Bottom
inset displays both solutions for P = 3.00 and λ = 2.85 (c) and 2.62 (d), respectively. (b) P vs λ diagram
for odd families around impurity for different values of γ. Bottom inset displays three different type
solutions, near to impurity for P = 3.00, γ = 0 and λ = 2.91 for the odd mode (e), λ = 2.66 for even
mode (f) and λ = 2.28 for symmetrical mode (g).
4. Mobility of localized modes
With the aim to study the interaction between solitons and the linear impurity, it is mandatory to
determine the zones in the space (P, k) of powers and momentum, in which coherent mobility is
guaranteed. It is well known that the mobility of discrete solitons is restricted by the Peierls-Nabarro
(PN) barrier [18], which exists due to the non-integrability of the DNLSE [20, 21]. This barrier can be
estimated as the difference in energy (H) between the solutions of the fundamental modes, sketched at
top left inset in Figure 1(a). By applying a power constraint to the Newton-Raphson method we could
compare the value of the Hamiltonian (energy) of the modes that have the same power [22]. In that way,
we can identify those regions where H is similar, both for odd and even modes, which implies that these
solutions, previously endowed with momentum, can move across the lattice in an adiabatic way, i. e.,
they can transform dynamically into the another one almost without radiating energy and preserving their
shape. It is well known that for the Kerr nonlinearity, there is a critical power where PN barrier is large
enough for the soliton to be confined in the initial guide [23]. In order to determine these zones, solitons
with different configurations of k and P were propagated. For the case of good mobility, their effective
displacement was quantified, in terms of their center of mass CM :=
∑N
n=1 n|φn|2/P , as shown in
Figure 2(a).
It is clear that for power greater than P ≈ 3.00 the mobility of the soliton is almost zero no matter
which was the impinged momentum on the mode. In order to select optimal parameter domain where
coherent mobility is guaranteed we calculate the maximum variation of the velocity angle of the center
of mass, along the propagation distance with respect to the initial angle. In Figure 2(b) it can be observed
that for values greater than P ≈ 2.50 the variation of the initial angle is greater than 5.00 degrees and
independent of the momentum. We also refine our procedure by identifying the maximum distance at
which the initial angle is conserved, undergoing a change of less than 10.00% for different configurations
of k and P . As shown in Figure 2(c), for powers below P ≈ 2.30 the criterion is fulfilled for the entire
propagation distance. The above suggests that the range | k |≤ pi/9 and P < 2.30 ensures a coherence
mobility of the information.
Figure 2. Effective displacement of the center of mass (a), maximum variation of the velocity angle of
the center of mass (b) and maximum distance at which change in the velocity angle is below 10.00% (c),
as function of P and k.
5. Pulse transmission
Let us now consider the interaction between a discrete soliton, endowed with a transverse momentum
k, and one impurity located at ni = N/2. We numerically integrate the model (1) with a Runge Kutta
scheme by taking as initial condition φkn = φn exp (ikn), being φn a stationary mode of the system.
When the soliton reaches the impurity, the radiation can be reflected, transmitted and/or captured. To
analyze the soliton-impurity interaction we define the reflectance (R), transmittance (T ) and the capture
fraction (C) coefficients as
R :=
∑ni−∆
n=1 |φn|2∑N
n=1 |φn|2
, T :=
∑N
n=ni+∆
|φn|2∑N
n=1 |φn|2
, C :=
∑ni+∆
ni−∆ |φn|2∑N
n=1 |φn|2
. (5)
Here ∆ is defined as the size of the impurity. As we are dealing with conservative systems, it is clear that
the condition R + T + C = 1 must be fulfilled during beam evolution. It has been observed that when
solitons of the same power with different k are sent toward the impurity, there is a critical momentum
kc for which the soliton is trapped around the defect [19]. Therefore, for values k < kc the solitons are
reflected and for k > kc they are transmitted. We observe a similar behavior here, by varying the optical
power of the soliton with a fixed k, which interacts with the impurity. As can be seen from Figure 3(a),
it is clear that impurity behaves like a filter once the power of modes is near to Pc ≈ 1.674, namely, the
critical power. Around this value of Pc there exist a narrow region where light can be trapped by the
impurity [cf. Figure 3(b)] over significant distances of propagation. Below this critical power (Pc), the
radiation becomes transmitted almost entirely as is illustrated in Figure 3(c).
Figure 3. Reflection (a), Capture (b) and Transmission (c) coefficients as function of P and z near of the
critical power Pc = 1.6732, for k = pi/18, ζ = γ = 1.00 and γi = 0.
With the aim to have a more detailed landscape on how the optical power and the transverse
momentum affect the soliton-impurity interaction, we analyze the propagation of solitons with different
configurations of k and P , moving towards the defect, for two different values of γi. In order to ensure a
consistent estimation ofR, C and T coefficients, we are going to calculate coefficients at the longitudinal
distance z, after the collision with the impurity, equal to the longitudinal distance that they had to travel
before to collide with. Figure (4) display these coefficients for two values of nonlinear parameter; upper
row for γi = 0.90 and lower row for γi = 0.00. Domains where total reflectionR and transmission T are
guaranteed in each case are displayed in first and third column, respectively. Likewise, sub-spaces where
solitons can be trapped around the impurity correspond with bright spots in middle column. Finally,
comparing the two cases, it is observed that by increasing the value of the nonlinearity of the defect, a
shift or increase in the critical values for which the impurity behaves like a filter is obtained, approaching
the homogeneous regime when the order between the nonlinear constant of the impurity and the network
tends to one.
Figure 4. Color map of the coefficients (R) Reflectance (C) Capture and (T) Transmittance as function
of the transverse momentum k and the optical power, for ζ = γ = 1.00 and γi = 0.90 for the upper row
and γi = 0.00 for the lower row.
6. Conclusions
In this work we address the problem of interaction between discrete solitons and a linear impurity in
a photonic lattice composed by a one dimensional waveguides array. To do that, we begun calculating
the stationary modes that exist around the defect. The analysis of the mobility of solitons far away
from impurity allow us to determine the areas where the high mobility and coherence of information is
guaranteed, as function of the transverse momentum and the optical power. The interaction between the
impurity and the nonlinear modes displays a corpuscular dynamic. The regions of reflectance and total
transmittance in which the impurity behaves as an optical limiter were determined. Besides, domains for
critical power and momentum values in which the soliton is trapped around the impurity where identified.
Depending of the subspace in the parameter space we observe drastic change in the reflectance and
transmittance coefficients as function of γi. We hope that these results may be interesting in the design of
optical limiters for solitons, that allow optimization of the manipulation and transmission of information
within novel photonic chips. We pretend to extend this kind of analysis in systems with more dimensions,
as well as, those ones with exotic dispersion relations.
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